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BASIC EQUATION
OF MOTION

3.1 FORMULATION IN TOTAL DISPLACEMENTS

3.1.1 Flexible Base

To derive the basic equations of motion, it is sufficient to examine a single
structure embedded in soil for earthquake excitation (Fig. 3-1). The structure’s
base consisting of the basemat and of the adjacent walls is assumed at first
to be flexible. The structure is discretized schematically as shown. Subscripts
are used to denote the nodes of the discretized system. The nodes located on
the structure-soil interface are denoted by b (for base), the remaining nodes of
the structure by s. In the substructure method no nodes are introduced in the
interior of the soil.

The dynamic system consists of two substructures, the actual structure and
the soil with excavation. To differentiate between the various subsystems,
superscripts are used when necessary. The structure is indicated by s (when
used with a property matrix), the other substructure, the soil with excavation,
by g (for ground). In the following it is appropriate to work also with other
subsystems for the soil (Fig. 3-2). The soil without excavation, the so-called free
field, is denoted by £, and e is used to designate the excavated soil.

The dynamic equations of the motion are formulated in the frequency
domain. The amplitudes of the total displacements are denoted by {u}, which
is a function of the discrete value of the frequency w. The subscript used to
indicate a discrete value of w in Eqgs. 2.20 and 2.21 is deleted. The word “total”
(superscript 1) expresses that the motion is referred to an origin that does not
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Figure 3-1 Structure—soil system.

L7 |

Figure 3-2 Reference subsystems.
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move, The order of this vector equals the number of dynamic degrees of freedom
of the total discretized system. The vector {¥‘} can be decomposed into the
subvectors {u’} and {u}}. The vector symbols are deleted in Fig. 3-1 for the sake
of conciseness. The dynamic-stiffness matrix [S] of the structure, which is a
bounded system, is calculated as (Eq. 2.15)

[S]=[KI(I + 25i) — w?[M] (3.1)

where [K] and [M] are the static-stiffness and mass matrices, respectively. The
hysteretic-damping ratio {, which is independent of frequency, is assumed to be
constant throughout the structure. The formulation can straightforwardly be
expanded to the case of nonuniform damping. Some formulas, however, cannot
be written so concisely. [S] can also be decomposed into the submatrices [§,,],
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20 Basic Equation of Motion Chav. 3

[S,:], and [S3,]. To avoid using unnecessary symbols, the superscript s (for struc-
ture) is used only when confusion would otherwise arise. The equations of
motion of the structure are formulated as

[[SN][S”]J [{ui}} _ {{Ps}}

— (3.2)
(S 008561 Wad}) ({5}
where {P;} and {P,} denote the amplitudes of the loads and of the interaction
forces with the soil, respectively.

The dynamic-stiffness matrix of the soil [S%,] (Fig. 3-3) is not as easy to
determine as that of the structure, as the soil is an unbounded domain. Con-
ceptionally, [S%,] could be determined by eliminating all degrees of freedom not
lying on the structure-soil interface of a mesh of the soil extending to infinity.
The vector {uf} denotes the displacement amplitudes of the soil with excavation
for the earthquake excitation. For the reference system of the free field, {S{,
and {uf} are the dynamic-stiffness matrix and the vector of displacement ampli-
tudes, respectively. The dynamic-stiffness matrix [Sg,] of the excavated soil, a

bounded domain, follows analogously from Eq. 3.1, using the properties of
the soil.

FREE FIELD SCATTERED

Figure 3-3 Dynamic-stiffness matrix and earthquake excitation referred to dif-
ferent reference systems of soil.
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For earthquake excitation, the nodes not in contact with the soil (the sub-
script s stands for the structure) are not loaded. Setting {P,} = {0} in Eq. 3.2
leads to
{ui}
{up}
Both substructures contribute to the dynamic equilibrium equations of the
nodes b lying on the structure-soil interface. The contribution of the soil is
discussed first. For the displacement amplitudes {uf}, the interaction forces
acting in the nodes b, arising from the soil with excavation, vanish, as for this
loading state, the line that will subsequently form the structure-soil interface
is a free surface (Figs. 3-2 and 3-3). The interaction forces of the soil will thus
depend on the motion relative to {uf}. They are equal to [S§]({ui} — {uf}).

Including the contribution of the structure ({P,} in Eq. 3.2), the equations of
motion for the nodes in contact with the soil (subscript b) are formulated as

(S5 008} -+ [Stol{ui} + [SEI{ut} — {uf}) = {0} (3.4)

[[sss][s.,«,,n{

|- (3.3)

-
-
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Inéluding the contribution of the structure ({P,} in Eq. 3.2), the equations of
motion for the nodes in contact with the soil (subscript b) are formulated as

[Sy,l{us} + [S5l{ut} + [SE sJ({us} — {ug}) = {0} (3.4)

Combining Egs. 3.3 and 3.4, the equations of motion of the total structure-soil
system are
[[S,,] ISl M{uz}} o)  59)
NRERNARS N ARIUA IR A '

In this formulation, the earthquake excitation is characterized by {uf}, that is,
the motion in the nodes (which will subsequently lie on thc structure— soil

is not easy to determine. It is desirable to replace {uf} by {uf}, the free-field
motion, which does not depend on the excavation (with the exception of the
location of the nodes in which it is to be calculated).

The free-field system results when the excavated part of the soil is added
to the soil with excavation (Fig. 3-3). This also holds for the assembly process
of the dynamic-stiffness matrices

[S5s] -+ [S5] = [S7] (3.6)
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[S5] -+ [SE] = 1S4 (3.6)
By stipulating that the “structure” consist of the excavated part of the soil only,
Eq. 3.4 can be formulated for this special case. With [S,]] = [0], [S3,] = [S5.],
and {uj} = {uf},
([S3] + [SED(} = [S5H{ug} (3.7
results. Introducing Eq. 3.6 in Eq. 3.7 leads to

SiiYui} = [SEl{ut} 3.8)
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This equality of forces is quite a remarkable result in its own right. Although
for the substructure of the soil with excavation, the line with the nodes b (where
the motion is equal to {uf}) is a free surface, as discussed above, the forces
[S&]J{uf} are not zero. The influence of an exterior boundary with an applied
earthquake motion also has to be taken into account when calculating the forces
in nodes b. This is explained further in Section 8.2, where the basic equations of
motion are rederived starting from those of the direct formulation of soil-
structure interaction.

Substituting Eq. 3.8 in Eq. 3.5 results in the discretized equations of

motion

[Sss] :I [Ssb] :l {uﬁ,} B {0}
[[Sb,] '[85, + [S5,] {{uz}} B {[S{b]{u{}] (3.9)

In this formulation in total displacements, the load vector is expressed as the
product of the dynamic-stiffness matrix of the free field [S7,] (discretized in the

nodes at which the structure is subsequently inserted) and of the free-field
motion {uf} in the same nodes. This physical interpretation is remarkable. The
load acts only on the nodes b at the base of the structure. The interaction part of
soil-structure analysis is thus formulated as a so-called source problem, with
the source being located on the structure-soil interface. Only outgoing waves
that propagate toward infinity arise (see Section 7.1). As expected for seismic
excitation, the nodes s not connected with the soil are unloaded. It should be
emphasized that in the system ffor which [S7,] is calculated, the soil is not exca-
vated (Fig. 3-3). As the boundary of the free-field region is regular, [S{,] should
be easier than [5%,] to calculate (see Section 7.5.3). The vector {¢]} has only to
be calculated in those nodes & which subsequently will lie on the structure—soil
interface. Procedures to determine [S3,], [S7,] and {«}} are discussed in depth
in Chapters 7 and 6, respectively. The derivation of the basic equations of motion
is based on substructuring with replacement. By adding the excavated part of
the soil (system e) to the irregular system g, a regular system f'is formed on which
the load vector depends. See Problems 3.2, 3.3, and 3.4 for further applications
of this concept, which is also valid for applied loads and not only prescribed
motions.
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The amount of interaction of the embedded part described by the left-
hand side of Eq. 3.9 depends on [S},] + [S%], which, after making use of Eq.
3.6, 1s equal to

[S3e] + [SE] = 1S5:] — [S8e] + [S{b (3-10)

The difference of the property matrices of the structure and of the soil in the
embedded region [S},] — [S%,] is thus of importance. Using Eq. 3.10, Eq. 3.9 is
reformulated as

[Ss:] | [S.s] {{ug} _{ {0}
[[S,,s | ISk] — [S5] + [sgj {u;}} AT }} 10

This represents the equations of motion of a discretized system (consisting of
the structure and in the embedded region of the difference of the structure and
of the soil) supported on a generalized spring described by [S},]. The excitation
consists of a prescribed support motion {]} acting at the end of the generalized
spring that is not connected to the structure. This is shown schematically in
Fig. 3-4, where the matrix and vector symbols as well as the subscripts have been
omitted. It is important to note that the support motion to be applied at the
end of the generalized spring is the free-field response {u]} at the structure-soil
interface and not at some (fictitious) boundary at a depth where the underlying
medium can be regarded as very stiff. For instance, consider a structure supported
on the surface of a layer of soil resting on rigid bedrock. The generalized spring
represents the stiffness and damping of the layer built in at its base at the top of
the bedrock. The applied support motion is the free-field response at the free
surface of the layer and not at its base. For a better understanding of the fore-
going, it is helpful to think of the generalized spring as having a length approach-
ing zero.
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Figure 3-4 Physical interpretation of basic equation of motion in total displace-
ments (flexible base).

Equation 3.9 describes the basic equations of motion, formulated for a
structure with a flexible base. It represents a simple, but general procedure to
calculate even the most general case of soil-structure interaction. All other
formulations which are derived in Sections 3.2, 8.2, and 8.3 are not more power-
ful. They are discussed only because valuable physical insight can be gained
from the equations, which work with relative displacements.

Equation 3.8 could be used to calculate the “scattered” earthquake excita-

t1 £1:
on ] {ug} = [SH]7[Sh)iul} (3.12)

It is, however, unnecessary to determine this seismic motion of the soil modified
by the excavation {uf} (Fig. 3-3), as Eq. 3.9 can be used. It is worth mentioning
that {uf} has no real existence (i.e., it does not occur in the real soil-structure
system).
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3.1.2 Rigid Base

The base, consisting of the basemat and the adjacent walls, can be
assumed to be rigid for many practical applications (see Section 4.3). This
compatibility constraint on the structure-soil interface leads to a slight modi-
fication of the formulation. At the same time the physical significance of the
terms appearing in the equations can be discussed.

The same structure—soil system of Fig. 3-1 is shown, but with a rigid base
in Fig. 3-5. In this case, the total motion at the base {u;} can be expressed as a
function of the total rigid-body motions of a point O {u} as

{u3} = [AHu;) (3.13)

Basic Equation of Motion  Chap. 3

Figure 3-5 Structure-soil system with
rigid base.

For a three-dimensional base, {#'} contains the amplitudes of three displace-
ments and three rotations. The matrix [4] represents the kinematic trans-
formation with geometric quantities only. In Problem 3.1 the [4]-matrix for a
two-dimensional case is presented.
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For a rigid base, the motion of the structure-soil interface which represents
the boundary between the two subsystems thus depends only on {u}}. Compared
to a flexible base, the number of degrees of freedom is reduced. In the substruc-
ture of the soil with excavation (system g), the compatibility constraints of the
rigid base are enforced (Fig. 3-6). The base is massless (dashed line). Obviously,
the free-field motion is unchanged.

Figure 3-6 Reference soil system with
excavation and rigid structure-soil inter-
face.

Introducing this transformation of variables,

{gi} N [m [AJ {Eii} (3.14)

in Eq. 3.9 and premultiplying by the transposed transformation matrix defined
by Eq. 3.14 leads to

[Sy] ' [S,.] {{u‘,}} B { (0} } |
[[Sos] v [S50] + [Sg,,:l el AFISLHul) (3.15)

[S,.) = [S.:][4] (3.162)
(5.1 = [AF[SEs)A] (3.16b)
[S5.) = [4T[S514] (3.16¢)

[I] denotes the unit matrix. [S%,], [S,], and [S,] = [S,JF are the dynamic-
stifness submatrices of the structure with a rigid base. They are normally
directly established when discretizing the structure by selecting models that take
account of the geometric constraints of the rigid base. Equations 3.16a and b
are thus not explicitly used. [S%,] represents the dynamic-stifiness matrix of the
soil with excavation for a rigid structure-soil interface (Fig. 3-6). In a general
three-dimensional case, [$%,] describes the amplitudes of the three forces and
moments acting in point O which lead to unit amplitudes of displacements and
rotations in the same point of the rigid base connected to the soil.
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Equation 3.15 represents the equations expressed in total motion. As in
the case of a flexible basemat, the load vector depends on the free-field motion
{uf} in those nodes that will subsequently lie on the structure-soil interface.
The load vector [A)][S{;]{u{}, which in a three-dimensional case consists of three
forces and three moments, acts in point O of the rigid base. No need really
exists to calculate the motion of any other reference soil system.

To gain insight into the pbysical significance of the load vector, it is mean-
ingful to calculate the seismic motion of the ground system (soil accounting for
the excavation) with the compatibility constraints of the rigid base enforced.
The seismic motion of this reference subsystem shown in Fig. 3-6 is denoted as
{u#} and represents a scattered wave motion. The compatibility constraints of
the rigid base for the soil-subsystem g are formulated analogously as in Eq.

3.13:
g} = [AHus} (3.17)

Substituting this equation in Eq. 3.8, premultiplying by [4]", and using
Eq. 3.16c results in
[S5J{us} = [AT[SLlul} (3.18)
or
{ug} = [SE] A IS {ul} (3.19)
This equation can, of course, be derived directly from Eq. 3.15, deleting all
matrices associated with the structure, and setting {u%} = {u2}. As {u]] along the
walls of the embedded structure varies with depth, a rotational component is
also present in {#£} even for vertically propagating shear waves.
"Substituting Eq. 3.18 in Eq. 3.15 leads to the equivalent of Eq. 3.5 for a
structure with a rigid base.

(Sul i [Sul] {{u;}} _ [ {0} }
[[Sw] E [S35,] -+ [SgaJ {ut} NATH (3.20)

This equation in total motion can be physically interpreted as illustrated in
Fig. 3-7. The discretized structure specified by [$*] is supported on a generalized
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FREE FIELD SCATTERED

Figure 3-7 Physical interpretation of basic equation of motion in total displace-
ments (scattered waves).
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Figure 3-7 Physical interpretation of basic equation of motion in total displace-
ments (scattered waves).

spring characterized by [S%]. The end of the generalized spring not connected
to the structure is excited by {uf}, which is calculated from {#{} and [S,]. This
interpretation is also valid with minor adjustments for the structure with a flexi-
ble base (Eq. 3.5). The vector and matrix symbols, as well as the subscripts, have
been deleted in Fig. 3-7. By setting {#!} = {0} in Eq. 3-20, it can be deduced that
[S%]{us} represents the amplitudes of the forces exerted on the rigid base in
point O by the seismic motion when the base is kept fixed. They are sometimes
called driving forces. Equation 3.5 can be interpreted analogously for a structure
with a flexible base.
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